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The reliability of water supply system is a critical factor in the development and the ongoing 

capability to succeed in life and people's health. Determining of its, with high certainty, for per-

formance of water supply system is developed to ensure the sustainability of system. Reliability 

(Re) plays a great role in evaluation of system sustainability. The probability approaches have 

been used to evaluate the reliability problems of systems. The probability approach is failed to 

address the problems of reliability evaluation that comes by subjectivity, human inputs and lack 

of history data. This research proposed two models; I) traditional model: fuzzy reliability meas-

ure suggested by Duckstein and Shresthaand then developed by El-Baroudy; and II) developed 

model: fuzzy reliability-vulnerability model. The two models implemented and evaluation of 

water supply system by using two hypothetical systems (G and H). System (G) consists of a single 

pump and System (H) consists of a two parallel pumps. Triangular and trapezoidal membership 

functions (MFs) are used to investigate of the reliability measure to the form of the membership 

function. The results agree with expectations that the reliability of parallel component system 

{ReH (0.53)} is higher than the reliability of single component system {ReG (0.47)}. Moreover, the 

result by using fuzzy set reduces the effect of subjectively in process of decision-making (DM). 

The fuzzy reliability vulnerability is able to handle different fuzzy representations and different 

operation environment of system. 
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1. Introduction    

When developed of the modern technology in 
the 1960s, the reliability tools are becoming a vital 
technics in the engineering analyses. Therefore, the 
reliability in probabilistic approaches has extended 
to achieve the evaluation of systems performance 
reliability. The probabilistic reliability approach has 
become very popular tool to addresses with uncer-
tainty problems [1].  

The fuzzy set theory has been addresses to ana-
lyze the Fuzzy Reliability (FR) that becomes a prop-
er tool to handle the systems performance reliability 
with the uncertainty variables. Some of researches 
have been work by researchers for establishing the 
Reliability Analysis (RA) based on the fuzzy set the-
ory [2]. 
* Corresponding author. Tel.: +964 07812818819 
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One of the major goals of systems design is to 
confirm that the systems perform satisfactorily un-
der many fluctuations the possible of future envi-
ronment. This premise is particularly exact of large 
and complex systems (such as Water Supply Sys-
tems WSS). The WSS contain conveyance facilities 
(i.e. pumps and pipes) and reservoirs. These ele-
ments are interconnected in complicated networks. 
Each element is vulnerable in service caused by nat-
ural hazards or human error [3].  

1.1. Problem definition 

The problem of uncertainty that comes with the 
lack of certainty, human input, lack of history and 
incomplete record keeping , which impede the deci-
sion making process[3].  

In another hand, how to obtain failure probabili-
ties when events do not have probability distribu-
tions function (pdf) of their lifetime to failures [4].  
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Because uses of the complicated arithmetic op-
erations to analyze system reliability that arithmetic 
operations of the complicated extended algebraic 
operations is using in probabilistic approach [2].  

There is a real need to convert to new approach-
es that can compensate for uncertainty of human 
perception. A new perspective and methodology is 
model the behavior of the components as well as the 
system using the theory and methods for fuzzy     
sets [5].  

1.2. Research Objectives 

To develop a model to evaluate the reliability 
based on performance data, not on failure data as 
used in the traditional reliability. And developed a 
model for evaluate reliability by using fuzzy reliabil-
ity performance through fuzzy set operations with-
out the need to failures events or pdf. 

The study proposed two models for fuzzy relia-
bility performance indexes: First model: the tradi-
tional model; fuzzy reliability measure suggested by 
Duckstein and Shrestha (1998) then developed  by 
El-Baroudy; Second model: developed model ;fuzzy 
reliability-vulnerability model and comparing be-
tween them.  

1.3. Research Focused on  

The methodology of the research consist of three 
parts: the first part presents the many approaches 
used to deal with the problems of system perfor-
mance SP reliability. Second part illustrated the cal-
culation to development of methodology for fuzzy 
reliability indexes suggested by EL-Baroudy: (1) the 
reliability-vulnerability index and (2) robustness 
index. The illustration is proposed by detailed and 
discussed of the fuzzy performance models. The 
third Part examines the utility of the two models 
using two hypothetical cases study (two systems G 
and H). 

1.4. Probability of Traditional Reliability 
Model 

The problem of systems reliability has attracted 
attention from statisticians and probabilities re-
searchers. The probability reliability analysis (RA)  

 
has been used to deal with the problems of uncer-
tainty in system performances (SP) [4]. 

A Prior knowledge of Probability Density Func-
tions (pdf) for both load L and resistance R and their 
overlapping (PF) of pdfs are a necessity in the prob-
ability approach as in fig (1). Practically, the data of 
failure is insufficient to provide the information for 
pdf of distribution. Even if the data of failure is 
available for estimating the distribution, approxima-

tion approach is almost used necessary to calculate 
reliability of system [5]. 

Figure 1. show the probability of failure (PF)[5] 

The subjective judgment of the decision makers 
is used to estimate the pdf of the failure. The subjec-
tive pdf is another approach to addresses the data 
insufficiency. In the subjective probability approach, 
the degree of exactness is dependent the estimation 
the judgment of decision makers [6]. Always, only 
the probability approaches were used for systems 
reliability analysis (RA). However, the probability 
approaches are failed to deal with the problems of 
uncertainty that drives along with subjectivity hu-
man inputs and lack of history. There are needs to 
investigate a developed approach that can handle 
the problems uncertainty [7, 8].  

2. Letreture Review 

Some of the approaches are introduced to solve 
reliability evaluation problems. The following sec-
tions, present a review of related researches of the 
evolving conversion from initially binary state then 
multi-state finally fuzzy reliability (FR) measures. 
Julwan, (2014) [5] addressed fuzzy set to evaluate 
fuzzy reliability model without dependence on his-
torical failure data through qualitative data treat-
ment. He used fuzzy binary state instead of proba-
bility theory and discussed that the probability the-
ory does not fully capture the real behavior of most 
systems, especially systems of several performance 
levels. Practically, the data of failure is insufficient to 
provide the information for pdf of distribution. Even 
if the data of failure is available for estimating the 
distribution, approximation approach is almost used 
necessary to calculate reliability of system [5].  

Huang, (2014)[9]addressed the multi-state for 
system to evaluate reliability  of system perfor-
mance. He treated the system as multiple-state of a 
system through multiple-state of components. The 
results gave more realistic of system performance 
that can be used in evaluation reliability and deci-
sion making (DM) processes. The probability ap-
proaches are failed to deal with the problems of un-
certainty that drives along with subjectivity human 
inputs and lack of history.  
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Shujie and Zire.(2015)[8] proposed a model for 

the evaluation of fuzzy reliability. They noted that 
the single value threshold is not easy to determine. 
The developed model used the system states as 
fuzzy event variable. The results showed that the 
fuzzy model was feasible and effective. They rec-
ommended that there are needs to investigate a de-
veloped approach that can handle the problems un-
certainty. 

From the results above it becomes commonly 
identified that the binary state of fuzzy reliability 
(FR) modeling of systems or components is very 
simple and not fully capturing the real behavior of 
several systems, that have different performance 
levels. 

Kapur, et al. (2011)[6] proposes a methodology 
to develop two models to evaluate reliability of the 
components and systems using the fuzzy theory. 
They noted that fuzzy binary state modeling for reli-
ability systems do not capture the most perfor-
mance of systems, which has many performance 
levels. They demonstrated how fuzzy multi-state 
system modeling of the system or component cap-
tured most realistic system performance for its as-
sess plus processes of decision making.  

Guijie, et al. (2015)[2] proposed a fuzzy reliabil-
ity evaluation model with fuzzy variables. They infer 
that the fuzzy theory expands the traditional con-
cept of a probability. Fuzzy set theory has been used 
to complement probability theory to evaluate the 
system reliability when statistical data or 
knowledge is insufficient for probabilistic analysis. 

3. Methodology  

3.1. Fuzzy Reliability Measure (traditional 
model) 

The Duckstein  and Shrestha(1998)[11] first to 
propose a fuzzy reliability measure that can be used 
in the case of both, Load L and Resistance R, being 
fuzzy. They proposed uses safety margin S as meas-
ure for the system failure, that is:  

S = R – L                                                                  (1) 

The membership function MF of safety margin S 
from Equ.(1), is considered the system failure. Fail-
ure is defined as the condition when L larger than R 
and accordingly S < 0. From Fig. (2), the define of 
fuzzy reliability index, (FR) as : 

 

   
∫   ( ) ( )
 

   

∫   ( ) ( )
 

 

                                                   ( ) 

Where:   ( ) : MF of the safety margin. 

 Figure 2. fuzzy reliability measure proposed by Duckstein  and 

Shrestha[8]. 

      The proposed fuzzy reliability measure treats the 
triangle MF of safety margin as a probability density 
function (pdf). Figure 2 shows, the zone under the 
µ(S) MF (shaded zone), represented by 
∫   ( ) ( )
 

   
 as the failure zone where total zone 

is ∫   ( ) ( )
 

 . By the definition of fuzzy set, a 
fuzzy failure is represented by a fuzzy set that in-
volve several failure events, according to their 
membership functions MFs. By using the fuzzy sys-
tem state  ̂  as a failure where the failure has some 
level of evented. Therefore, the system reliability is 
measure based on the comparison of two fuzzy sets: 
one representing the system state (safety margin) 
and the other fuzzy set representing the level of per-
formance levels [12]. 

3.2. Developed model 

3.2.1.Definition of Fuzzy Failure 

Guijie, et al. (2015)[2] addressed the case of both 
fuzzy Resistance ( ̂) and fuzzy Load ( ̂). He pro-
posed measure to used fuzzy Safety margin ( ̂), as a 
measure for the system failure or as system state, 
that is: 

 ̂   ̂   ̂                                                 ( ) 
Where:  ̂: fuzzy safety margin; and  ̂ and   ̂: 

fuzzy Resistance and fuzzy Load.  
Ahmad, (2010)[13] and Guijie, et al.,(2015)[2] 

explain fuzzy sets, by defining the boundaries of the 
partial failure zone are ambiguous and varies from 
one judgment of decision maker to the other on the 
personal perception of failure. Therefore, these 
boundaries could not be determined precisely. 

 Partial failure is more realistic in the perfor-
mance evaluation process of water supply systems. 
The performance level (PL) represented as a fuzzy 
membership function (MF) in the following equation 
[1,3]: 

 ̂( )  {
  
 
  

 
( )              

 

      
    ,     -

      

                    ( ) 

Where  ̂ the fuzzy MF of safety margin;  ( ) is 
functional for representing the subjective view of 
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PL;      upper and lower bounds of the partial per-
formance Zone, respectively.  

Figure (3) is represented of the definition pre-
sented in Equ.(4). The lower   and upper   bounds 
of the partial failure Zone are presented in Equ.(4). 
The value of the safety margin  ̂( ) less than     is 
definitely complete failure. The value of the safety 
margin  ̂( ) higher    is definitely complete safety 
(reliability) and therefore fit in the performance 
zone. The reliability of performance level (PL) quan-
tified as the following [13]: 

   
     
     

                                                  ( ) 

Where: PL is the reliability measure of the per-

formance level. The partial failure is alternate defi-

nition of failure for a select between the upper and 

lower bounds, and performance level. The devel-

oped model provides a comprehensive tool for per-

formance [12]. 

 

Figure 3. shown representation of partial failure zone[9] 

 

 3.2.2. Compatibility Measure 

The aims of comparing between the two fuzzy 

membership functions MFs is to determine the two 

fuzzy sets match. The reliability evaluation, present-

ed in this research, involves a comparative analysis 

Cm for system state and the predefined performance 

level (PL). As shows in Fig (4) and Equ(2) The fuzzy 

compatibility measure is [1]: 

   

 
                                                     ̂

                                       ̂

 
   

  
                                                              ( ) 

Where:   : Compatibility measure between the 

system state  ̂ MF and the performance level 

(PL);     : The weighting of overlap zone between 

the system state ( ̂) and the performance level 

(PL);and    ̂ : The weighting zone of the system-

state  ̂. 

 

Figure 4.: two compliance between system state and PL[2] 

3.2.3. Combined Fuzzy Reliability and Fuzzy 

Vulnerability 

Reliability and vulnerability were used to pro-

vide a complete description of system performance 

SP in case of system failure and to determine the 

magnitude of the failure event. In order to calculate 

system reliability at many performance levels must 

be defined these levels to reflect the several percep-

tions of the decision makers [3].  

A comparison between the fuzzy system state 

and the fuzzy performance level provide perfect 

information for about both system reliability and 

system vulnerability in same time, as in Fig (5). The 

fuzzy reliability-vulnerability    index is formulated 

as equation follows[12]: 

   
    
   *              +       

    
   *              +

             ( ) 

Where:    is index of fuzzy reliability-
vulnerability, PLmax is the reliability measure of per-
formance level corresponding to the system state 
with maximum compatibility     *  } value; PLi is 
the reliability measure of the ith performance level; 
    is the compatibility measure for system state 
with the ith performance level; and K is the total 
number of the performance level. 

 
Figure 5. overlap area between system state and three PLs [7] 
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3.2.3. Fuzzy Robustness indexes 

Hashimoto et al., (1982)[4] define the Robust-

ness index  (Ro) is the capability of system to adjust 

to fluctuation of possible future load in fuzzy per-

formance environment, the fuzzy represented of 

fluctuation changing in future environments ob-

tained by a definition of the performance level and a 

changing in the system state MF. As a result, the ro-

bustness of system is defined as changing in the 

compatibility measure:  

    
 

       

                                                      ( ) 

Where     is the fuzzy robustness index,      

    are the compatibility measure before and after 

changing in environment, respectively. Equation.(8) 

reflects that if the higher changing in compatibility 

the fuzzy robustness of performance is lower value. 

Therefore the high robustness values allow the sys-

tem to better performance adapt to new environ-

ment. 

3.3. Multi-Element Systems 

The networks of multi-element systems are (a) 

serial, (b) parallel, and (c) combined as in Fig (6). 

Every element has a MF, representative the state of 

element. 

The networks of multi-element systems are (a) 

serial, (b) parallel, and (c) combined as in Fig (6). 

Every element has a MF, representative the state of 

element. The system failure for parallel elements 

occurs if all the elements of system will fail. In this 

case, the maximum fuzzy operator is used to deter-

mine the system state    ̂  of parallel system as fol-

low[13]. 

 ̂     ( ̂   ̂     ̂ )                                          ( ) 

Where, m : total number of parallel elements of  

system. 

For a serial element system, the minimum fuzzy 

operator is used and failure of the system occurs if 

any of its elements fails. The system state   ̂  serial 

sys 
tem as follow [12]: 

 ̂     ( ̂   ̂     ̂ )                                       (  ) 

Where, n : total number of serial elements. 

Other combinations of system configurations are 

deal as different combinations of serial or parallel 

subsystems. Using either Equs (9) or (10), inde-

pendently and the overall system reliability index 

     is obtained, as follow [12]. 

 ̂          ( ̂   ̂     ̂   )                         (  ) 

 

Figure 6. shows network of serial and parallel system.  
(a) the network of serial system of N elements.  
(b)the network  of parallel system of M of elements. 

4. Cases Study 

The suggested fuzzy reliability FR measures and 

index of the fuzzy reliability of performance used to 

evaluate two cases. Such as shown in Fig.( 7), sys-

tem G consists of a single pump, single pipeline and 

tank, while system H consists of two parallel pumps,  

two pipelines and tank. In expect, the two parallel 

pumps in system H increases system reliability as a 

resulting in higher than system G reliability. There-

fore, the value system reliability reflects the vari-

ance between two systems (G and H). Notice that 

the both G and H are under the same load (D) re-

quirement and have the same supply (C) (capacity). 

 

 

Figure 7. Schematic representation of the hypothetical case studies 
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The major aims of the cases study are;   (I) exam-
ine the reliability measure of system H have a great-
er than reliability measure of system G  by suggest-
ed that the system H greater than parallel element 
from system G. (II) Illustrate computational the per-
formance indexes          . (III) Assess the sensi-
tivity of the indexes to many form of MF i.e., triangu-
lar (Tg MF) and trapezoidal (Tp MF) to choice form 
of the MF.  

Supposing that the pumps reliability for two sys-
tems (G and H) are control the entire reliability of 
system, two dissimilar scenarios implied to system 
H: (1) two pumps have the equal C and (2) single of 
the pumps has a  double C greater than the another 
pump. The totality of the C of the both pumps, in two 
scenarios (1,2), is equal to C of pump in the system 
G. Table 1 summary the four scenarios of two sys-
tems(G and H) as follow:  

Scenario 1, fuzzy triangular membership (Tg 
MF) represents that a fuzzy demand (Tg D MF) and 
fuzzy capacity (Tg C MF) for two systems. The Tg D 
MF and Tg C MF of system divided into the two 
pumps  

 

in system H under the ratio 1:1 (equal value). 

Scenario 2, The Tg D MF and Tg C MF of system 
divided into the two pumps in system H under the 
ratio 1:2 (nonequivalent value). 

Scenario 3, fuzzy trapezoidal membership (Tp MF) 
represents that a (Tp D MF) and Tp C MF) for two 

systems. The Tp D MF and Tp C MF of system divid-
ed into the two pumps in system H under the ratio 
1:1 (equal value). 

Finally, Scenario 4, The Tp D MF and Tp C MF of 
system divided into the two pumps in system H un-
der the ratio 1:2 (nonequivalent value). 

4.1. Application of Fuzzy Reliability  

The usefulness of two models the fuzzy reliability 
FR measure suggested by Duckstein and Sherstha 
and the fuzzy reliability indexes model suggested by 
El-baroudy the both using for performance systems 
are evaluated by the compare of the results for dif-
ferent levels. 

4.1.1.First model 

To determine a system state of system is used safety 
margin concept in Equ.(3).  For example; for system 
H scenario2: from Table (1) the three values of fuzzy 
capacity (C) and fuzzy demand (D) are nonequiva-
lent values. To determine a Combination of two par-
allel elements nonequivalent elements for this sce-
nario (2) by using Equ.(10). The results this scenar-

io is {C (0,2,4) and D(0.7,1.3,2.7)}. The result of  

Combination and system state for four scenarios are 
listed in Table (1) in two last right columns. Then 
determine system state of every scenario by using 
Equ.(3). The result listed in Table (2) used for two 
models to represent the system states of four sce-
narios. 

Table 1. Summary the four scenarios of two systems (G and H): 
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Table 2. Summary details of system state of two systems (G & H). 

 

By using GeoGebra program to draw and de-
termine the Success Area and Failure area of 
two systems (G and H) as Fig (8) and By using a 
Equ.(2) to determine the fuzzy reliability 
measure, the results are listed in Table (3). 

 

 

Figure 8. shown the Success Area and Failure area of two systems (G and H). 
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In Table 3 the results of the fuzzy reliability (FR) 
for two systems (G and H) by using the first model 
of fuzzy reliability measure of Duckstein and 
Sherstha. For example, scenario 1 and 3, yield the 
same reliability values of (FRG 0.64, FRH 0.64) and 
(FRG 0.57, FRH 0.57), respectively, for both systems 
G and H. This reliability measure does not indicate 
the difference in reliability values between the two 
systems. This consideration was misleading and 

resulted in the inappropriate use of the system state 
MF and the aggregation rules for multicomponent 
systems. 

4.1.2. Second model 

A comparison between the fuzzy system state 
MF and the level of performance MF provides in-
formation about the both system reliability and sys-
tem vulnerability at the same time, as show in Fig 5. 
The system reliability is based on the proximity of 
the system state to the level of performance of sys-
tem. The measure of proximity is expressed by the 
compatibility measure suggested in Equ (7).  

1- Performance Levels PL 

To evaluate performance levels PL is by reflect-
ing a decision maker’s perception. To reflect the 
subjectivity of the decision maker through different 
of the performance are assigned to different levels. 

The usefulness of the performance indexes (de-
veloped model) evaluated using three performance 
levels. The levels; (1) high reliability level PL1, (2) 
reliable level PL2 and (3) unreliable level PL3 were 
defined subjectively by experts. These levels are 
represented by three trapezoidal fuzzy sets, (0.5, 
0.8, 15, 15), (0.7, 1.0, 15, 15) and (0.8, 1.2, 15, 15) 
respectively as in Fig.(9). The reliability measures of 
these performance levels (PL) by using Equ(5) are 
2.40, 2.33, and 1.33 respectively. 

 

 

 

Level Performance PL1 

 

Level Performance PL2 

 

Level Performance PL2 

 

Figure 9. represented three trapezoidal fuzzy sets of PLs 

2-Determine Success Area (A) and Failure Area 

The three values of system state of systems in 
Table (4) are used with GeoGebra program to draw 
and determine the total Area and Overlap area of 
two systems (G and H).  By used Equs. (6,7 and 8) to 
determine the fuzzy reliability-vulnerability  index,  
and fuzzy robustness index. Fig (10) shows the tri-
angle system state (Tg MF) and trapezoidal system 
state (Tp MF), respectively, used for four scenarios 
with three performance levels MF. The results are 
listed in Table (5). 

Table 4. Summary details of (G and H) systems state 

 

 

Table 3. Success and Failure areas and fuzzy reliability FR meas-
ure of two systems (G & H) 
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Figure 10. Shows the Success Area and Failure Area (Tg and Tp MFs) for four scenarios with three PLs. 

 

 

Table (5): results of determine Rv and Ro indexes for Tg and Tp MF for four scenarios with three PLs MF 

 Level performance PL1 Level performance PL2 Level performance PL3 
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From Table(5) the fuzzy reliability-vulnerability 

Rv of systems G and H(0.531, 0.55) in scenarios (1) 
and (2), respectively is higher than the fuzzy relia-
bility-vulnerability of systems G and H(0.48 to 0.53) 
in scenario 3 and 4, respectively. These results are 
support the fact of hypothesis that the larger system 
reliability result from greater parallel. The form of 
MF effect on the conclusion associated with system 
reliability.  

 To determine the robustness Ro of system by 
the performance level MF was changed from the 
reliable level PL2 to the high reliable level PL1. To 
reach this level by using two parallel pumps (as in 
Table 5) increased the robustness Ro of system. The 
Ro of system increased as the assessment of the 
fuzzy robustness index. In scenario (1), the index of 
Ro increased from (17.35 to 115.17).  

In the case of the trapezoidal membership func-
tion (Tg MF) is increase three times than in the case 
of triangular the membership function (Tp MF). 
Therefore, the amount of system robustness Ro de-
pends on the form of MF. The load L distribution 
between the two parallel pumps affects the robust-
ness Ro of the system. The amount of Ro increases 
from (115.17 to 125.6) between scenario (1 and 2). 
No significant change observed between scenario (3 
and 4) because the load not equal. 

 
5. Conclusion 

The probability approach fails to address the 
problems of uncertainty by subjectivity judgment, 
human error, and the lack of system performance 
data. A fuzzy reliability-vulnerability index quanti-
fies fuzzy reliability and fuzzy vulnerability of multi-
element systems, reflecting differences in connec-
tions of systems at fuzzy environment. The method-
ology analysis based on performance data (i.e. de-
sign Capacity and average Demand) without using 
failure data (as in traditional reliability measure). 
The models suggested in this study demonstrate 
performance consistent with expectations. Where 

the parallel system H is (TpRvH 0.55) more reliable 
than of the single system G (TpRvG 0.48). The se-
lected subjectively three PL performance levels will 
assist the decision maker to select better perfor-
mance level. 

Nomenclature 

L load 

R resistance  

  ̂ fuzzy Load 

 ̂ fuzzy Resistance  

G single System  
 H parallel System 

MFs membership functions  

pdf probability distributions function  

FR   Fuzzy Reliability  

RA reliability analysis  

Tg MF fuzzy triangular membership  

Tp MF fuzzy trapezoidal membership  

WSS Water Supply Systems  

Rv fuzzy reliability-vulnerability index 

    fuzzy robustness index 
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